Abstract. The sharp Fourier type of Lp with respect to a non-commutative compact group was partially solved in a recent paper of J. García-Cuerva, J.M. Marco and the author. After that, the complete solution (without exact constants) has been given in a paper of M. Junge and the author by using techniques of non-commutative probability. We give an elementary solution to this problem using basic tools from harmonic analysis and obtain the exact finite-dimensional constants.
Introduction and statement of the problem
The Hausdorff-Young inequality is a very powerful tool in harmonic analysis. The analog of this inequality for vector-valued functions f : G → X defined on a non-commutative compact group G was recently introduced in [3] . The late appearance of this inequality is due to the fact that it requires the young theory of operator spaces. After [3] several papers have appeared on the subject, see for instance [2, 4, 5] and Lee's paper [7] on unimodular groups.
Let G be a compact topological group equipped with its normalized Haar measure µ and let X be an operator space. Then, given an irreducible unitary representation π : G → B(H π ) of degree d π and an integrable function f : G → X, we define the Fourier coefficient of f at π as follows
Note that this is a d π ×d π matrix with entries in X. According to [8] , we can consider its norm in the X-valued Schatten q-class S dπ q (X) over the d π × d π matrices. This gives rise to the space
with the obvious modifications for q = ∞. Given 1 ≤ q ≤ 2, we shall say that the operator space X has Fourier type q with respect to the compact group G if the X-valued Hausdorff-Young inequality on G
, holds for every q-integrable f : G → X. Here we write G for the dual object of G and the symbol ≤ cb indicates that the Fourier transform is indeed completely bounded with cb norm K q (X, G 
is a completely bounded map. According to [3] , X has Fourier type q iff X * has Fourier cotype q ′ and X * has Fourier type q iff X has Fourier cotype q ′ . Thus, the forthcoming results can be stated in the language of Fourier cotype and so obtain an equivalent formulation of the problem. We shall omit these details here.
Following [3] and similar to the classical theory, the Fourier type becomes a stronger condition on the pair (X, G) as the exponent q tends to 2. The sharp Fourier type exponent of an operator space X with respect to a given compact group G is defined by
In what follows we shall consider the most general notion of Lebesgue space. That is, the space L q (M) associated to a general von Neumann algebra M. Again according to [3] , the space L q (M) satisfies
for any compact group G and any 1 ≤ q ≤ 2. Therefore, L p (M) always has Fourier type min(p, p ′ ) for any 1 ≤ p ≤ ∞. In the commutative theory this is exactly the sharp Fourier type exponent of L p (M) regarded some natural exceptional cases (such as finite groups or finite-dimensional L p spaces) are excluded. Therefore, the natural guess is that min(p, p ′ ) should be the best Fourier type we can expect after excluding the exceptional cases mentioned above. The proof of this fact for locally compact abelian groups is a triviality. However, the analog problem for non-commutative compact groups is much harder since it is strongly related with the non-commutativity of the group.
Given any infinite-dimensional space L p (M), it is well-known that ℓ p (n) embeds isometrically in L p (M) for any n ≥ 1. In particular, following [3] we obtain the lower bound
Therefore, our problem reduces to see that the sequence K q (ℓ p (n), G) diverges to infinity as n → ∞ whenever 1 ≤ min(p, p ′ ) < q ≤ 2. In what follows, to simplify the notation, we shall always assume that 1 ≤ p ≤ 2 so that min(p, p ′ ) = p. The previous remark leads us to study the (even more interesting) problem of finding the order of growth of the constants K q (ℓ p (n), G) and K q (ℓ p ′ (n), G) for 1 ≤ p ≤ 2 as n increases. The first remark concerning these constants is that the following upper bounds hold
Note that 1/p − 1/q = 1/q ′ − 1/p ′ so that we obtain the same upper bound. Indeed, both follow from very simple cb distance estimates. We refer the reader to [3] for a detailed explanation.
Of course, based on the behaviour of the same constants with respect to locally compact abelian groups, one should expect that the estimates given above give in fact the order of growth of K q (ℓ p (n), G) and K q (ℓ p ′ (n), G) for any infinite compact topological group G. In the paper [2] (with J. García-Cuerva and J. M. Marco) we gave an affirmative answer to this question for compact semisimple Lie groups when 1 ≤ p ≤ 2. That is, we have
with G semisimple. The proof in [2] uses a local variant of Kunze's Hausdorff-Young inequality [6] . More concretely, a Hausdorff-Young inequality for central functions f : G → C defined on a compact semisimple Lie group G having arbitrary small supports, see [2] for further details. The partial solution given in [2] left open the case 1 ≤ p ≤ 2 for non-semisimple compact groups and also the case 2 ≤ p ≤ ∞ for any non-commutative compact group. In a second attempt, we gave a complete solution in [5] (with M. Junge). We did it in the more general context of quantized Rademacher systems. The reader is referred to [4] for the relation between Fourier and Rademacher type in the operator space setting. However, from the point of view of abstract harmonic analysis, the proof given in [5] has two disadvantages.
In the first place, the constants obtained in [5] are not optimal. Second, the proof does not use abstract harmonic analysis tools. On the contrary, the proof is based on deep results from non-commutative probability and operator algebra. In this paper we study the constant K q (ℓ p ′ (n), G) (the one for which we could not give a solution in [2] ) for an arbitrary compact topological group G. Our approach is completely elementary and only uses basic results in abstract harmonic analysis. Moreover, we shall improve the equivalence in [5] 
by proving that in fact we have an identity
Our proof uses a construction which might be of independent interest.
Almost unimodular systems
As we recalled in the Introduction, the growth of the constant K q (ℓ p ′ (n), G) can not be deduced from the local Hausdorff-Young inequality developed in [2] . However, we can try to emulate the proof of [2] as follows. Let us point out that the key point in [2] to find a maximizer Φ n = (f 1 , f 2 , . . . , f n ) for the cb norm of the Fourier transform
was to require the following properties on the functions
The construction of such a family of functions is simple. Namely, we just need to consider n disjoint translations of a common function f 0 : G → C with sufficiently small support. This construction was the appropriate one to study the growth of the constant K q (ℓ p (n), G). Therefore, it is natural to believe that the analysis of the constant K q (ℓ p ′ (n), G) might be possible by considering the dual properties with respect to the Fourier transform on G. By that we mean ( P1) f 1 , f 2 , . . . , f n have pairwise disjoint supports on G. ( P2) The absolute value |f k (g)| does not depend on k for almost all g ∈ G.
If G is abelian we can easily construct such a system by taking n irreducible characters of G. Moreover, many other constructions are available. Indeed, we can take n disjoint translations of a common function f 0 : G → C. Then we get the desired property by Pontrjagin duality. This kind of systems have been applied to study the Fourier type constants of finite-dimensional L p spaces.
However, when dealing with non-commutative compact groups the irreducible characters are no longer unimodular. Moreover, the dual object has not a natural group structure and consequently Pontrjagin duality does not hold. On the other hand, Tannaka's theorem, the non-commutative counterpart of Pontrjagin theorem, does not fit properly in this context. Therefore, it is natural to ask whether or not it is possible to construct a system Φ = f m : G → C m ≥ 1 made up of functions f 1 , f 2 , . . . satisfying similar properties to ( P1) and ( P2). In the following result we construct an almost unimodular system of trigonometric polynomials f m : G → C with non-overlapping ranges of frequencies. The system Φ obtained there will be enough for the study of the constant K q (ℓ p ′ (n), G). Proof. First we recall that it is essentially no restriction to assume that a compact topological group is Hausdorff, see e.g. Corollary 2.3 in [1] . Then we point out that the normalized Haar measure µ of an infinite Hausdorff compact group G has no atoms. This is an easy consequence of the translation invariance and finiteness of µ. Indeed, let us assume that µ has an atom Ω with µ(Ω) = α so that 0 < α ≤ 1. Let us consider an open neighborhood U of G. Since G is non-finite and Hausdorff, we can choose U small enough so that there exists m 0 pairwise disjoint translations g 1 U, g 2 U, . . . , g m0 U with m 0 > 1/α. On the other hand, the compactness of G allows us to write
as a finite union of translations of U. In particular, there must exists 1 ≤ k 0 ≤ n 0 such that µ(h k0 U ∩ Ω) > 0. Moreover, we must have µ(h k0 U ∩ Ω) = α since Ω is an atom. Then, by the translation invariance of the Haar measure, we have
Then, since g 1 U, g 2 U, . . . , g m0 U are pairwise disjoint, we obtain
which contradicts the assumption that µ has mass 1 and proves our claim.
Step 1. Since the Haar measure µ has no atoms, it is clear that the same holds for the measure dν = |f 0 | 2 dµ. Then, by the absence of ν-atoms we can define a family of ν-measurable dyadic sets
Then, if 1 Ω denotes the characteristic function of Ω, we define the system
Since every finite Radon measure is regular, we can consider compact sets K
for all k ≥ 1 and all 1 ≤ j ≤ 2 k . Then, by Urylshon's lemma we can construct continuous functions γ
Step 2. Let π : G → B(H π ) be an irreducible unitary representation of degree d π and let us fix 1
Applying Hölder inequality for the first part and Bessel inequality for the second (note that the system f 0
The last inequality uses the estimate
and bounded above by |f 0 | 2 . In particular, | ψ k (π) ij | → 0 as k → ∞. Therefore, given any δ > 0 and any finite subset Λ ⊂ G, there exists a positive integer M(Λ, δ) such that for all k ≥ M(Λ, δ) we have
Step 3. For any π ∈ G let us denote by E π the linear span of the entries of π. Also, we shall write E for the linear span of the union of the spaces E π when π runs over G. That is, E is the space of trigonometric polynomials on G. By the Peter-Weyl theorem we know that E is dense in the space C(G) of continuous functions on G with respect to the uniform norm. Then we construct the system Φ = f m : G → C m ≥ 1 as follows:
2. For m > 1 we proceed by induction. Let
Let k m = M(Λ m , δ m ) and let ξ m ∈ E be such that
Then we define
Step 4. Kunze's Hausdorff-Young inequality and (1) give
We finally show that Φ satisfies all the properties stated above. Taking
Then, the announced properties follow. Indeed, we have i) f 1 , f 2 , . . . have pairwise disjoint supports on G, see the definition of f m . ii) If g ∈ G, we have
This concludes the proof.
Now we are ready obtain the value of K q (ℓ p ′ (n), G). To that aim, we consider the trigonometric polynomials f 1 , f 2 , . . . provided by Lemma 2.1 associated to the constant function f 0 ≡ 1. Then, we define the vector-valued functions Φ m,n (g) = (f m+1 (g), f m+2 (g), . . . , f m+n (g)).
As we recalled in the Introduction, the upper estimate
follows from simple cb distance estimates in [3] . Thus, it suffices to see (2) lim inf
The norm of Φ m,n in L q ′ ( G; ℓ p ′ (n)). Let us write A k for the support of f k in G. Then, according to Lemma 2.1, the sets A m+1 , A m+2 , . . . , A m+n are pairwise disjoint. In particular, we can write
On the other hand, the Hausdorff-Young inequality gives
Then, by the properties obtained in Lemma 2.1
Therefore, since the right hand side is arbitrary small as m increases, we find Finally, recalling again that 1/p−1/q = 1/q ′ −1/p ′ , we obtain inequality (2) from (3) and (4) . Therefore, the announced identity holds for any non-finite compact topological group G K q (ℓ p ′ (n), G) = n 1/p−1/q .
